Using a lattice Boltzmann multiphase model, three-dimensional numerical simulations have been performed to understand droplet formation in microfluidic cross-junctions at low capillary numbers. Flow regimes, consequence of interaction between two immiscible fluids, are found to be dependent on the capillary number and flow rates of the continuous and dispersed phases. A regime map is created to describe the transition from droplets formation at a cross-junction (DCJ), downstream of cross-junction to stable parallel flows. The influence of flow rate ratio, capillary number, and channel geometry is then systematically studied in the squeezing-pressure-dominated DCJ regime. The plug length is found to exhibit a linear dependence on the flow rate ratio and obey power-law behavior on the capillary number. The channel geometry plays an important role in droplet breakup process. A scaling model is proposed to predict the plug length in the DCJ regime with the fitting constants depending on the geometrical parameters.
Droplet formation in microfluidic cross-junctions
Using a lattice Boltzmann multiphase model, three-dimensional numerical simulations have been performed to understand droplet formation in microfluidic cross-junctions at low capillary numbers. Flow regimes, consequence of interaction between two immiscible fluids, are found to be dependent on the capillary number and flow rates of the continuous and dispersed phases. A regime map is created to describe the transition from droplets formation at a cross-junction (DCJ), downstream of cross-junction to stable parallel flows. The influence of flow rate ratio, capillary number, and channel geometry is then systematically studied in the squeezing-pressure-dominated DCJ regime. The plug length is found to exhibit a linear dependence on the flow rate ratio and obey power-law behavior on the capillary number. The channel geometry plays an important role in droplet breakup process. A scaling model is proposed to predict the plug length in the DCJ regime with the fitting constants depending on the geometrical parameters. Rapid development of microfabrication technologies has facilitated a broad range of microfluidic applications especially in life sciences. Microdroplet technology has recently emerged as a promising flexible platform for microfluidic functions. [1] [2] [3] [4] The miniaturization of entire process enables the rapid analysis of very small quantities of samples in a portable, automated, and inexpensive format. 3 Recently, microdroplet technology has been used as microreactors for chemical analysis and protein crystallization, 5, 6 as molds for curing polymeric microspheres. 7, 8 Furthermore, programmable fluidic assays for sampling glucose concentration of human physiological fluids 9 and DNA analysis 10 have been individually demonstrated using microdroplet system. As samples=reagents are confined in droplets so that sample dilution caused by Taylor dispersion 11 can be avoided, and mixing performance can be improved. 12 In addition, it can avoid sample=surface interaction and thus eliminate surface adsorption and cross sample contamination.
Many microfluidic devices have been designed to generate uniform droplets, including geometry-dominated devices, 13, 14 flow-focusing devices, [15] [16] [17] [18] [19] T-junctions, [20] [21] [22] [23] [24] [25] [26] and co-flowing devices. 27, 28 However, the underlying mechanisms of droplet formation in microchannels have not been well understood, which hinders device optimization and operation. The twophase flow characteristics in microchannels are determined by flow conditions, channel geometry, and fluids properties. Guillot and Colin 22 experimentally observed that, for a given flow rate of the continuous phase, the flow pattern changes from droplets at T-junction to droplets in channel if the flow rate of the dispersed phase increases. This indicates that for a given capillary number Ca ¼ g c u c =r (g c , u c are the viscosity and velocity of the continuous phase; r is the interfacial tension coefficient), when the flow rate ratio Q ¼ Q d =Q c (Q d and Q c are volume flow rate of the dispersed and continuous phases, respectively) increases, a flow regime change occurs. With a further increase in Q, the flow regime changes to parallel flow. Tan et al. 18 also found that the two-phase flow patterns depend on the flow rates of the continuous phase and the dispersed phase for the plug formation in a microfluidic cross-junction, which is similar to the observation of Guillot and Colin. 22 The channel geometry has been found to play an important role in the droplet formation process. For example, Garstecki et al. 23 identified a squeezing mechanism due to confined microchannel geometry in droplet formation process, which does not exist in an unbounded flow condition. By studying the underlying mechanisms that control the droplet breakup, some scaling laws have been established to predict the size of droplets produced in microfluidic devices. 29, 30 However, the currently available experimental data are still sporadic. Various materials are used to fabricate the microchannels with diverse dimensions, and the experiments have been performed at different flow conditions with different fluids. Consequently, the information is fragmented, which leads to inconclusive and even incompatible findings. Based on statistical analysis of the broad range of available literature data, Steegmans et al. 30 have shown that none of the scaling models, which are developed to predict droplet formation in a microfluidic T-junction, is general enough to describe the original data and data from other literature sources. Also, they found that the available literature data could be better represented by a two-step model consisting of a growth phase and a detachment phase.
Meanwhile, experiments at such small scales are still difficult. For example, it is challenging to accurately measure local flow fields, droplet deformation, breakup, and coalescence. Numerical study can be complementary to experimental investigation. For example, Menech et al. 25 numerically identified three distinct mechanisms, i.e., squeezing, dripping, and jetting in droplet formation in a T-junction. However, much effort is still required to numerically simulate a) droplet generation, transportation, and interaction with surface. While the front tracking methods are not suitable for droplet breakup and coalescence, the interface capturing methods such as volume-of-fluid and level set methods will experience numerical instability when interfacial tension becomes a dominant factor in microdroplet behavior. 31 Recently developed lattice Boltzmann (LB) method has shown great potential for modeling interfacial interactions while incorporating fluid flow as a system feature. 32 It is a pseudo-molecular method tracking evolution of the distribution function of an assembly of molecules and built upon microscopic models and mesoscopic kinetic equations. 33 Its mesoscopic nature can provide many advantages of molecular dynamics, making the LB method especially useful for simulation of droplet dynamics. 23, [34] [35] [36] [37] In this work, a multiphase lattice Boltzmann model is employed to investigate droplet formation in microfluidic cross-junctions. We will first present our simulation results that reveal the influence of capillary number and flow rate ratio on the flow regime transition from droplet generation at cross-junction (DCJ), downstream of the cross-junction (DC), to parallel flows (PF). In the DCJ regime, the influences of capillary number, flow rate ratio, and channel geometry will be studied in details. We will compare our simulation with the existing models and experimental data. To our best knowledge, this is for the first time that numerical simulations are performed to identify the flow regimes and investigate the effect of channel geometry on the droplet formation in microfluidic cross-junctions. This study can provide useful information for understanding microdroplet dynamics and optimal design of multiphase microfluidic devices.
II. NUMERICAL METHOD
In the lattice Boltzmann method, a fluid is modeled as pseudo particles, whose distribution function f i is governed by the lattice Boltzmann equation, e.g., using the BhatnagarGross-Krook (BGK) collision operator
where f i (x, t) is the particle distribution function in the ith velocity direction at the position x and the time t, e i is the lattice velocity in the ith direction, s is the dimensionless relaxation time, and f eq i
is the equilibrium distribution function as a function of local density q and velocity u 
The macroscopic properties including the local density and momentum are related to the particle distribution function f i by
Using the Chapman-Enskog expansion for the D3Q19 model, Eq. (1) can lead to the Navier-Stokes equations in the long-wavelength and low-frequency limit 38 @ t q þrÁðquÞ¼0;
@ t ðquÞþrÁðquuÞ¼Àrp þrÁðqruÞ;
where the pressure and the kinematic viscosity are given as p ¼ qc 39 the pseudo-potential model, 40 and the free-energy model. 41, 42 In the color-fluid model, the procedure of redistribution of the colored density at each node to separate different phases requires time-consuming calculation of local maxima, and the perturbation step with the redistribution of colored distribution functions causes an anisotropic interfacial tension that induces high spurious velocities near interface. 38 The pseudo-potential model introduces the nearest-neighboring interaction between fluid particles to describe the intermolecular potential, and the phase separation occurs with a properly chosen potential function. Although significant advances have recently been made, [43] [44] [45] further improvements are necessary for the pseudo-potential model to minimize spurious velocities at interface and control numerical instability for the flows with low capillary number and viscosity ratio. The free-energy model suffers from the lack of Galilean invariance, 32 although the local conservation of mass and momentum is satisfied. Based on the original color-fluid model of Gunstensen et al., the recent improvements have been made by Lishchuk et al. 46 and Latva-Kokko and Rothman, 47 which facilitate simulational access to flow regimes of low Reynolds and capillary numbers. In this study, we will use the improved color-fluid model, because the Reynolds number and the capillary number are typically small in microfluidic droplet formation.
In the original color-fluid model of Gunstensen et al., were introduced to represent two different fluids. The total particle distribution function is defined as f i ¼ f where A k is a free parameter controlling the interfacial tension, h i is the polar angle of the lattice vector e i , and h f is the polar angle of the local color gradient G, which is defined as
To promote phase segregation and maintain interface, the socalled recoloring step is applied, which enables to keep the interface sharp, and at the same time prevents the two fluids from mixing with each other. The colors are demixed by maximizing the work done against the color flux q(x, t), which is defined by qðx; tÞ¼
The perturbation step can introduce anisotropy and high spurious velocities at the interface. Additionally, when applied to study creeping flows, the recoloring step can produce lattice pinning, 47 a phenomenon that the interface can be pinned or attached to the simulation lattice rendering an effective loss of Galilean invariance. It was also demonstrated that there is an increasing tendency for lattice pinning as both of the capillary and Reynolds numbers decrease. 48 Lishchuk et al. 46 used the concept of a continuum surface force (CSF) 49 to model the interfacial tension. In their algorithm, the perturbation step in the original Gunstensen model was replaced by a direct forcing term at the mixed region. In order to satisfy the stress boundary condition and the continuity of velocity, a local pressure gradient is forced throughout the interface as an additional body force F(x, t), which is incorporated into the LB equation by the forcing term / i (x, t) at the collision step. It has been reported that this algorithm can greatly reduce the spurious currents and improve the isotropy of the interface. The body force is defined to act normal to the interface with a magnitude proportional to the gradient of q N , which is given by
where r is an interfacial tension parameter, q N is the phase field defined as q N ðx; tÞ¼ q R ðx; tÞÀq B ðx; tÞ q R ðx; tÞþq B ðx; tÞ ; À1 q
and j is the local interface curvature, which is calculated by j ¼Àr s Á n;
where r s ¼ I À n n ðÞ Á r is the interface gradient operator, and I is the second-order identity tensor. The unit normal vector n is defined as a function of phase field
Based on the body force term given by Eq. (14), the forcing term / i can realize the interfacial tension effect, which is given as
The calculation of partial derivatives is required to evaluate the interface curvature and the normal vector. To minimize the discretization error, these derivatives are calculated using 19-point finite difference stencils
In addition, the original recoloring step is modified by an anti-diffusion scheme proposed by Latva-Kokko and Rothman, 47 which can solve the lattice pinning problem and creates a symmetric distribution of particles around the interface so that the spurious velocities can be further reduced. Following their method, the post-collision, postsegregation (recolored) particle distribution functions for the red and blue fluids are calculated by
where f i denotes the post-collision, presegregation value of the total particle distribution function along the ith lattice direction; b is the segregation parameter and is fixed at 0.7 to maintain a narrow interface thickness and reduce spurious velocities; 50 and also, we will show that this choice is necessary to reproduce correct dynamical behavior of droplets; u is the angle between the color gradient rq N and the lattice vector e i , which is defined by
III. RESULTS AND DISCUSSION
First, Taylor deformation is used to examine the effect of segregation parameter b on droplet dynamical behavior. A
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Droplet formation in microfluidic cross-junctions Phys. Fluids 23, 082101 (2011) droplet is placed between two parallel plates that are moving in the opposite directions to obtain a linear shear in the Stokes flow regime (i.e., small Reynolds number). Droplet deformation is studied as a function of the shear rate via the capillary number. The definitions of the Reynolds number and capillary number are given as
where c ¼ 2U=H is the shear rate with U being the velocity of the moving plate, and H being the channel height; R is the initial radius of the droplet. For this case, we assume that both fluids have the same density and viscosity. The simulations are run at Re ¼ 0.1 for a droplet with the radius of 10 lattice cells in a system of 100 Â 50 Â 50 lattice cells. At the steady state, the droplet is assumed to be ellipsoidal, which is usually characterized by the deformation parameter Df, defined as
where a and b are the lengths of the major and minor axis of the deformed droplet, respectively. For a droplet in the Stokes regime with a low Ca, Df follows the Taylor relation as 51 Df ¼ð35=32ÞCa:
A series of numerical simulations are performed with b ¼f0.5, 0.7, 1g and Ca varying from 0.05 to 0.3. Fig. 1 shows the time evolution of Taylor deformation parameter for different Ca and b. We can observe that the droplet cannot evolve to a steady state for b ¼ 1, while a steady droplet deformation can be reached for both b ¼ 0.5 and 0.7. However, a small b (i.e., a large interface thickness) usually produces a large droplet deformation at a fixed Ca, which can be clearly seen in Fig. 2 . Meanwhile, the LB simulations with b ¼ 0.7 are in good agreement with the theoretical Taylor relation. Therefore, we will use b ¼ 0.7 in the following simulations in order to reproduce the correct droplet dynamics.
The geometry of cross-junction microchannel is illustrated in Fig. 3 . The microchannel consists of a main channel with width w d and two lateral channels with the same width w c . The depth h is uniform throughout the channels. The dispersed phase water is introduced at the inlet of the main channel, and the continuous phase oil is injected into the lateral channels. Halfway bounce-back is used at the solid walls in order to obtain no-slip boundary condition. 32 We assume that the fluids are pure single-phase at the inlets and outlet, and the constant inlet flow rates and outlet pressure boundary conditions are imposed following Zou and He. 52 For simplicity, we set the densities of both fluids equal, as the buoyancy-driven velocities in a typical oil-water microfluidic system are negligible. 25 The wettability of the microchannel walls can strongly influence droplet formation, it is therefore essential to account for the fluid-surface interactions. We follow the assumption made by Rowlinson and Widom 53 that the solid wall is a mixture of two fluids, thus having a certain value of the phase field q N S . The derivatives of phase field near the wall boundary can therefore be calculated using Eq. (19) . Consequently, the interfacial force term in Eq. (14) becomes dependent on the properties of the neighboring solid lattice sites, resulting in a special case of the wetting boundary condition. Fig. 4 demonstrates that the assigned value of phase field at the solid wall can be used to modify the static contact angle of the interface at the solid surface. Approaches similar to the one described above were also adopted by Bekri and Adler 54 for the original model of Gunstensen et al., 39 by van der Graaf et al. 24 and Liu and Zhang 37 in the free-energy models and by Shan and Chen 40 in the pseudo-potential model through the fluid-solid interaction potential. In addition, in the free-energy models, the interaction between fluids and solid surface can be modeled by a surface integral that appears in the boundary condition of the free energy. 55, 56 Unless otherwise stated, we assume q N S ¼À1 in the following simulations so that the continuous phase completely wets the wall surfaces while the dispersed phase is non-wetting.
The dynamical response of fluids in a microfluidic crossjunction can be described successfully by six independent dimensionless numbers, which are commonly defined by the geometrical and physical parameters including the inlet widths (w c and w d ), the channel depth (h), the interfacial tension (r), the inlet volumetric flow rates (Q c and Q d ), the viscosities (g c and g d ) of the two fluids and their densities (q), where the subscripts "c" and "d" denote the continuous and dispersed phases, respectively. The capillary number (Ca), which describes relative importance of the viscous force and the interfacial tension, is the most important parameter for droplet formation. Here, it is defined by the average inlet velocity u c and the viscosity g c of the continuous phase and the interfacial tension r
Although the laminar flow is expected due to the small length scales involved, the Reynolds number (Re) is still the most frequently used dimensionless number to effectively describe microfluidics. It is a measure of the ratio of the inertial force and the viscous force
During the process of droplet formation, the continuous phase and the dispersed phase are continuously injected with different volumetric flow rates. The ratio of flow rates (Q ¼ Q d =Q c ) and the viscosity ratio (k ¼ g d =g c ) are two important dimensionless numbers to characterize the droplet breakup, which has been confirmed by a wide range of experimental and numerical investigations. 18, 19, 23, 25, 26, 37, 57 The geometrical parameters, w c , w d , and h, lead to two additional dimensionless parameters characterizing the geometry. One is the ratio of the channel depth to the inlet width of the continuous phase (C ¼ h=w c ), and the other is the ratio of the inlet widths of the two phases (K ¼ w d =w c ).
Different types of droplets, namely plug droplets, isolate droplets and satellite droplets, can be generated in the crossjunction microfluidic devices, which strongly depend on the various dimensionless parameters. 19 In the present study, we focus on the formation of plug droplets for a fixed fluid pair, i.e., the viscosities of both fluids and the interfacial tension are fixed, and examine the roles of Ca, Q, C, and K in droplet formation.
A. The influence of Q and Ca
Before we study the influence of geometrical parameters, we focus on a reference cross-junction with w c ¼ 10d x , w d ¼ 20d x , and h ¼ 10d x , so that C ¼ 1 and K ¼ 2. We choose a fixed fluid pair with the interfacial tension r ¼ 0.06 and the viscosity ratio k ¼ 1=6. The simulations are performed in a 229 Â 61 Â 11 lattice system and each lattice spacing d x corresponds to 10 lm. We examine the grid independence with several different flow conditions and find that the mesh refinement will lead to results variations not more than 5%. Four different capillary numbers, i.e., Ca ¼ 0.002, 0.004, 0.006, and 0.008 are used in the simulations, and the corresponding Reynolds numbers are 0.1, 0.2, 0.3, and 0.4. For each capillary number, the flow rate ratio is varied over a broad range so that the different flow patterns are observed.
As shown in Fig. 5 , three typical flow patterns are identified for different flow rate ratio at a fixed capillary number. At the low flow rate ratio Q, the droplets are formed at the cross-junction (DCJ) due to the squeezing mechanism. When we increase Q, droplets are found to pinch-off at DC, forming a thread that becomes unstable after a distance of laminar flow. This distance will increase with Q. As the flow rate ratio Q increases to a critical value, the stable PF are observed, where the three incoming streams co-flow in parallel to the downstream without pinching. In addition, the transitions from DCJ to DC and from DC to PF are influenced by the capillary number. As Ca increases, the threshold value of flow rate ratio at which the transition occurs decreases, and the width of the DC regime also decreases. The different flow patterns were first observed experimentally by Guillot and Colin in a microfluidic T-junction, 22 in which the transition from droplets forming at a T-junction to stable parallel flow depends on the flow rate of both phases. Recently, Tan et al. 18 also reported the similar observations in a 
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Droplet formation in microfluidic cross-junctions Phys. Fluids 23, 082101 (2011) microfluidic cross-junction. In the following simulations, we will focus on the DCJ regime so that our simulations can be compared with the existing experimental work. Based on the experimental observation of plug formation at microfluidic T-junctions, Garstecki et al. 23 argued that at low Ca, the final length of a plug is determined by two steps. First, the thread of the dispersed phase grows until it blocks the continuous phase liquid. At this critical moment, the "blocking length" of the plug is equal to the channel width, i.e., L block ¼ w c . Afterwards, the increased pressure in the continuous phase liquid begins to "squeeze" the neck of dispersed thread. Assuming that the neck with a characteristic width d squeezes at a rate approximately equal to the average velocity (u c ) of the continuous phase. During this time, the plug continues to elongate at rate u d ¼ 
where x ¼ d=w c is a fitting constant related to the thinning width. Their experimental data agree well with this scaling law when the constant x is unity. Recently, Xu et al. 29 compared the other experimental data and found that the "blocking length" L block is not always equal to w c but is also dependent on the channel geometry, i.e., L block ¼ ew c . Considering this, the scaling law, Eq. (28), can be modified as
where e is also a fitting constant that is mainly dependent on the channel geometry. Fig. 6 shows the formation of plugs in the DCJ regime as a function of flow rate ratio for Ca ¼ 0.002. The monodisperse plugs are found to be regularly generated. The plug length increases with Q, and the formation of plugs will switch to the DC regime when Q is beyond 2.2. Also, the distance between two neighboring plugs decreases when the flow rate ratio increases. Fig. 7 plots the non-dimensional length of plugs formed in the DCJ regime against the flow rate ratio for Ca ¼ 0.002, 0.004, 0.006, and 0.008. For each capillary number, our simulation results are found to obey the scaling law given by Eq. (29) . Meanwhile, Eqs. (28) and (29) show that the plug lengths formed in the squeezing regime depend only on the flow rate ratio and are independent of the capillary number. However, it can be clearly seen from Fig. 7 that the fitting constants, e and x, are not solely determined by the channel geometry, and the plug lengths are indeed a function of capillary number. In order to explore the dependence of plug length on the capillary number, we measure the plug length as a function of capillary number at a fixed flow rate ratio. Three different flow rate ratios Q ¼ 0.1, 0.3, and 0.6 are examined, respectively. For each fixed Q, the capillary number is varied from 0.001 to 0.008. It should be noted that, here, a smaller capillary number (i.e., Ca ¼ 0.001) is also simulated. However, the present computational domain is not large enough to simulate the transition from DC to PF as the plug front may have moved out of the computational domain before the plug detaches from the long downstream jet in the DC regime. Fig. 8 shows the formation of plugs as a function of capillary number for Q ¼ 0.1 and Q ¼ 0.6. For each fixed Q, the distance between two neighboring plugs and their size decrease with the increase of capillary number. Large flow ratio can lead to narrow distance between two neighboring plugs for the same Ca, which is consistent with the simulation results of Ca ¼ 0.002 as shown in Fig. 6 .F i g .9 shows the simulation results of non-dimensional length of plugs versus capillary number for three different flow rate ratios.
Clearly, the non-dimensional length of plugs (L=w c ) shows no sign of approaching a constant value as the capillary number decreases and exhibits a power-law dependence on the capillary number, i.e., L=w c ¼ kCa m , which is independent of the flow rate ratio Q. The power-law behavior was also experimentally observed by Tan and his co-workers in microfluidic cross-junction 18 and T-junction, 58 where the formation of plugs occurred in the squeezing (DCJ) regime. Christopher et al. 26 found that, in both squeezing and dripping regimes, the droplet volume exhibits a power-law dependence on the capillary number with a power-law exponent approximately equal to 0.3 at low viscosity ratio (k 1=50).
Considering the influence of capillary number and flow rate ratio, the generated plug length can be predicted by
whereẽ,x, andm are the fitting parameters that mainly depend on the channel geometry. All of our numerical 
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Droplet formation in microfluidic cross-junctions Phys. Fluids 23, 082101 (2011) simulations confirm this scaling law and we can determine the coefficients as L w c ¼ð0:551 þ 0:277QÞCa À0:292 :
To test our scaling law, the parity plot is used in which the predicted plug length is calculated by Eq. (30) and plotted as a function of our simulation results. The match between model predictions and simulation results is indicated by the scatter of data around the line of parity. The closer the data points are to the line of parity and the more even their distribution is, the better model predictions and simulations match. The predicted results of Eq. (30) show good agreement with our numerical simulations, as shown in Fig. 10 . The fitting power-law exponentm ¼À0:292 is very close to the experimental findings of Chiristopher et al. 26 in a T-junction. Through the statistical analysis on the droplet formation in microfluidic T-junctions, Steegmans et al. 30 found that none of the available scaling laws is general enough to describe the original data and the data from other literature sources. A two-step model was found to be statistically valid over the whole range of literature data. In their two-step model, the final droplet volume V is a result of two-stage growth, which is similar to the idea of Garstecki et al. 23 Initially, the droplet grows to a critical volume V c until the forces exerted on the interface become balanced. Subsequently, the droplet continues to grow for a time t n until final pinches-off, due to the continuous injection of the dispersed phase fluid, so that the final droplet volume becomes
Similar to Steegmans et al., 30 we also assume plugs enclosed between channel walls to be flat ellipses, so that Eq. (30) can be expressed as
It can be clearly seen that our scaling law given by Eq. (30) is consistent with the two-step model, i.e., Eq. (32) if
It is obvious that the necking time t n is associated with both Ca and Q c . At a fixed capillary number, a large shear rate of continuous phase is expected to shorten the necking time, leading to smaller droplets.
B. The influence of K and C
To test whether the confinement of geometry plays an important role in the breakup of plugs, 23, 26, 29 we examine the influence of the dimensionless geometrical parameters K and C on the length and shapes of the plugs. In the simulations, to single out the influence of K, w c and h are kept constant with C ¼ 5=8. To study the influence of C, w c and w d are kept constant with K ¼ 1. The fluid pair is fixed with the interfacial tension r ¼ 0.06 and the viscosity ratio k ¼ 0.3.
To statistically obtain the scaling law given by Eq. (30) for each group of geometrical parameters, we carry out the numerical simulations with Ca ¼ 0.001, 0.0018, and 0.004, and the corresponding Reynolds number is 0.211, 0.38, and 0.844, respectively. For each fixed Ca, we vary the flow rate ratio, i.e., Q ¼f0.05, 0.1, 0.25, 0.5, 1, 1.5g by varying the flow rate of the dispersed phase. Fig. 11 shows the formation of plugs in the DCJ regime as a function of width ratio (K)a tCa ¼ 0.0018, Re ¼ 0.38, and Q ¼f0.05, 0.25, 0.5, 1.5g. Three different width ratios are examined, i.e., K ¼ 1, 1.5, and 2, with the computational domain consisting of 250 Â 57 Â 11, 250 Â 65 Â 11, and 250 Â 73 Â 11 lattices, respectively. For each fixed flow rate ratio, the plug length increases with K (w d ), which corresponds to a more significant increase in the volume of plugs. Also, the increasing K can enlarge the distance between two neighboring plugs. For each fixed width ratio, big flow rate ratio can lead to large plugs and narrow distance between consecutive plugs. We also notice that the plugs become more and more difficult to "pinch-off" as the width ratio increases. For large values of K and Q, e.g., K ¼ 2 and Q ¼ 1.5, we find that the detachment point moves towards the downstream of the junction, so the DC regime starts. Therefore, it can be expected that transitions from DCJ to DC and from DC to PF occur at smaller flow rate ratios for a large K.
The scaling law given in Eq. (30) is used to fit our numerical simulation results for K ¼ 1, 1.5, and 2. Based on the least-square fitting, the resulting scaling equations can be expressed as ¼ð0:788 þ0:521QÞCa À0:222 for K ¼ 2. Fig. 12 gives the comparison of non-dimensional length of plugs between our simulation results and the predicted results for K ¼ 1, 1.5, and 2. It can be clearly seen that the simulation results could be well described by our scaling law with the fitting parameters depending on the width ratio. Fig. 13 plots the non-dimensional length of plugs as a function of flow rate ratio at Ca ¼ 0.0018, Re ¼ 0.38, and C ¼ 5=8 for three different width ratios. With the fixed Ca of 0.0018, our scaling law, i.e., Eq. (30) reduces to Eq. (29) . Specifically, they become
We can easily observe that the fitting constants e and x in Eq. (29) are both dependent on the width ratio K. Also, the values of e and x increase as K increases. Fig. 14 shows the non-dimensional length of plugs as a function of the width ratio for Ca ¼ 0.0018 and 0.0036. Consistent with the previous findings (see , the plug length decreases with the increase of Ca for the fixed K and Q. At small width ratio (K < 1), the plug length is weakly dependent on the width ratio. When the width ratio is beyond 1, i.e., K > 1, the plug length is approximately linearly proportional to the width ratio. In addition, the simulation results shown in Fig. 14 are in good agreement with the experimental findings of Christopher et al. 26 for droplet generation at T-junctions. Fig. 15 gives the comparison of plug shapes for a broad range of width ratios with Q ¼ 0.2 and Ca ¼ 0.0036. It can be easily found that the width ratio can significantly influence the volume of plugs. The volume of plugs increases with the width ratio. Also, the increasing width ratio can enlarge the distance between two neighboring plugs for K > 1.
We also investigate the influence of C on the formation of plugs at a fixed width ratio K ¼ 1. We choose 
FIG. 14. (Color online)
The non-dimensional length of plugs versus the width ratio at a fixed flow rate ratio Q ¼ 0.2 and a fixed viscosity ratio k ¼ 0.3 for two different capillary numbers. The width ratio is adjusted by changing the magnitude of the dispersed-phase channel width while the continuous-phase channel width is kept fixed.
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Droplet formation in microfluidic cross-junctions Phys. Fluids 23, 082101 (2011) C ¼f5=8, 1, 5=4g with the computational domain consisting of 250 Â 57 Â 11, 250 Â 57 Â 17, and 250 Â 57 Â 21 lattices, respectively. Fig. 16 shows the simulation results for C ¼f5=8, 1, 5=4g at Ca ¼ 0.0018 and Re ¼ 0.38 with a range of flow rate ratios. For each fixed flow rate ratio, the size of plugs increases as C increases. In the same way, we use our scaling law (i.e., Eq. (30)) to fit the simulation data for each fixed C. The calculated scaling equations could be written as Fig. 17 . This indicates again that our scaling law is general enough to describe the size of plugs formed in the DCJ regime at microfluidic cross-junctions. Fig. 18 shows the non-dimensional droplet length as a function of the flow rate ratio at Ca ¼ 0.0018, Re ¼ 0.38, and K ¼ 1 for three different C. For each fixed channel depth, the non-dimensional length of plugs increases with the flow rate ratio, as observed in the previous cases. For the given capillary number, i.e., Ca ¼ 0.0018, the calculated scaling equations can reduce to
Obviously, both fitting parameters e and x depend on C, and they both increase as C increases. A similar observation was reported by Gupta and Kumar 59 in microfluidic T-junctions. Our simulation results shown in Fig. 18 also indicate that the droplet behavior is expected to approach the scaling law of Eq. (28) as the channel depth h decreases. Although the scaling law of Eq. (30) developed from our simulation results is consistent with some experimental findings, we would like to more directly compare our simulations results with experimental data. Wu et al. 36 experimentally reported droplet generation in a microfluidic cross-junction, where, unlike the other experimental work, they clearly gave 
ÀÁ
and the experimental data of Wu et al. 36 This indicates that our proposed scaling law can predict the correct droplet size generated in microfluidic cross-junctions.
Finally, we note that the droplet size exhibits a powerlaw dependence on the capillary number with the fitted power-law exponent ranging from À0.3 to À0.2 for all the flow conditions and channel geometries in the present study. As we stated above, this power-law behavior has also been observed by some other authors. However, the values of the power-law exponent vary significantly in their observations. For example, Tan et al. 18 and Xu et al. 29 experimentally found that the plug length obeys L w c / Ca À0:2 in a microfluidic cross-junction and a microfluidic T-junction, while van der Graaf et al. 24 numerically observed that, in both confined and unconfined droplet breakup at a T-junction, the final droplet volume V could be expressed as V / Ca À0:75 . Christopher et al. 26 recently reported that the droplet volume V approximately follows V / Ca À0:3 in the microfluidic T-junctions with C < 1 and the viscosity ratio k 1=50. Herein, it should be noted that the droplet size is often expressed as volume V which can be correlated to the plug length as V / L w c for the plugs enclosed in a microchannel.
IV. CONCLUSIONS
The 3D lattice Boltzmann model has been applied to study the droplet formation in microfluidic cross-junctions for low capillary numbers (Ca < 0.01). Three different flow regimes as a consequence of interaction between two immiscible fluids are identified to be dependent on the capillary number and the flow rates of the continuous and dispersed phases. A regime map is created to describe the transition from droplets formed at a cross-junction (DCJ), downstream of the cross-junction (DC), to stable PF. The influence of flow rate ratio, capillary number, and dimensionless geometrical parameters (K and C) is studied in detail with a broad range of flow conditions in the DCJ regime. The formation of plugs in the DCJ regime is shown to be dominated by the build-up of pressure that arises in the upstream when the emerging droplet interface obstructs the main channel. We observe that the length of the plugs is linearly proportional to the flow rate ratio for a fixed capillary number and exhibits a power-law dependence on the capillary number for a fixed flow rate ratio. Considering the effects of capillary number and flow rate ratio, an empirical scaling law is developed to predict the length of plugs. It is consistent with the two-step models proposed by van der Graaf et al. 60 and Steegmans et al. 30 The channel geometry is found to play an important role in the process of plug breakup since the squeezing pressure becomes significant when the emerging dispersed-interface obstructs the main channel. At a fixed capillary number, our scaling law can reduce to the scaling equation proposed by Xu et al., 29 i.e., L=w c ¼ e þ xQ. We find that the width ratio (K) and the depth-to-width ratio (C) can affect the fitting constants e and x. Also, we find that the threshold value of flow rate ratio decreases with the width ratio, which distinguishes the different flow regimes. 
